Abstract: Let T be a rational function of degree 2 on the Riemann sphere. Denote L the transfer operator of a H older-continuous function on its Julia set J = J(T) satisfying P(T; ) > sup z2J (z). We study the behavior of fL n : n 1g for H older-continuous functions and show that the sequence is (uniformly) norm-bounded in the space of H oldercontinuous functions for su ciently small exponent. As a consequence we obtain that the density of the equilibrium measure for with respect to the exp P(T; ) ? ]-conformal measure is H older-continuous. We also prove that the rate of convergence of L n to this density in sup-norm is O ? exp(? p n) . >From this we deduce the central limit theorem for .
x1. Introduction
The existence of equilibrium measures for analytic endomorphisms T of the Riemann sphere C I has been established in 3] . It has been shown that the transfer operator (Perron-Frobenius-Ruelle operator) acting on the space of continuous functions on the Julia set is almost periodic. This establishes the continuity of the density function with respect to some canonical reference measure (the associated conformal measure). Later, a di erent argument for this was given in 8], and it has been shown there that the density has at least a logarithmic modulus of continuity (in fact is already H oldercontinuous in some important cases of rational maps with critical points in their Julia set). In this note we continue the investigation of the transfer operator and study the long time behavior of T in more detail.
To begin with let us recall some facts about the thermodynamic formalism for rational functions. The pressure of a continuous function f on the Julia set J = J(T) is denoted by P(T; f) ( (Here preimages of critical values are counted with their multiplicities.) It is known that L is almost periodic on C(J(T)) and the space of eigenfunctions (for eigenvalues of modulus 1) is one-dimensional. It is easy to verify that 1 is the only eigenvalue of modulus 1 and that the corresponding eigenfunction is the density of an invariant measure. This measure is unique up to multiplication and its normalized version is denoted by . One can also show that is the unique measure maximizing the pressure: Here we shall prove a stronger version (using this lemma one give a simpli ed proof for the positivity of Ljapunov exponents in 9]): Lemma 2.3. (Rule II) There exists a constant Q > 0 such that if c 2 J(T) is a critical point of T, n 1 is an integer, and if x 2 J satis es (2.2) k c (T j (x)) k c (T n (x)) for every j = 1; 2; :::; n ? 1;
Proof. The proof is by induction over n. For n = 1 the statement is Lemma 2.2. The procedure for the induction step will be as follows: Given x; T(x); :::; T n (x) satisfying (2.2) we shall decompose this string into two blocks: (a) x; T(x); :::; T m (x); m n for which we shall prove (2.3); (b) T m (x); :::; T n (x) for which we can apply the induction hypothesis. Summing these two estimates we prove (2.3) for x; T(x); :::; T n (x). It will be seen that it su cies to take Q = ?1 (log 2 + + 1). In the case (ii) we also obtain diamT m (B(c; ae k 0 ?1 )) a 2 (e ?(k 0 ?1) ? e ?k 0 ): Otherwise T m (B) B and for a < diamC I the set C I n B contains at least 3 points. So the family of functions (T tm j B ) t=1;2;::: is normal, which contradicts c 2 J(T). Consequently (2.6) holds in this case also. where r is the maximal multiplicity of T at critical points in J(T).
So, our aim is to prove the following. Proof. Fix x 2 J(T) and x c 2 Crit(T) \ J(T) for the moment. Let q(c) = t 1 denote that index in f0; :::; ng for which k c (T t (x)) attains its maximum (recall that k c (T t (x)) = 1 is even possible, if c = T t (x), but there exists at most one such t). Recursively, de ne t l to be that index in ft l?1 + 1; :::; ng where k c (T t (x)) attains its maximum. This procedure terminates after nitely many steps, say with t u .
We decompose the trajectory x; T(x); :::; T n (x) into pieces (with overlapping ends) ? x; : : : ; T t 1 (x) ; ? T t 1 (x); : : : ; T t 2 (x) ; : : : ; ? T t u?1 (x); : : : ; T t u (x)
Observe that these pieces satisfy the assumptions of Lemma 2.3 and k c (T t 1 (x)) k c (T t 2 (x)) : : : k c (T t u?1 (x)) k c (T t u (x)):
Applying Lemma 2.3 we obtain we get by (3.2)
where the sum is taken over all integers j 2 f0; 1; 2; : : : ; ngnfq l : 1 l Ng. Setting also q N+1 = n, for any 2 j N + 1 such that q j ? where > 0 depends only on the map T and the functions and . Since for every x 2 J and every integer n 1
it follows that
we get jjL n ( ) ? h W n?1 j=0 T ?j ( ) de ned in (4.1) and let n g = n n n b . Recall that L n 0 ( )(x) = P y2T ?n (x) g n (y) (y), where g n (y) = h(y) h(x) exp ? ?P(T; )n + (y) + (T(y)) + ::: + (T n?1 (y)) :
A straightforward computation shows (see for example 3]) that there exists C 2 > 0 such that
for all n 1, all A 2 n g , and all x; y 2 A. Let = 1 ? 1=(20C 2 ). Given > 0 let n = n( ) 0 be the smallest positive integer (log ?
log(4C 1 C ))= log . We shall prove the following. Set now n = n( ) and for every x 2 J(T) de ne G n (x) = T ?n (x) \ S n G and B n (x) = T ?n (x) n G n (x). Using For every z 2 J(T) and every A 2 n , denote by (n) A (z) the uniquely de ned element of the set A\T ?n (z). Using (4.3) we can write
A (x)) = C 2 P y2G n (x) g n (y) and thus P y2G n (x) g n (y) 1=(10C 2 ). Combining this and (4.5) we get L n 0 ( )(x)? R d R d jj 1 ?log(4C 1 C ))= log , rewrite these inequalities in the form C 3 j +C 4 n j+1 ?n j C 3 j +C 4 +1.
Thus, summing up, we get for all k 1 Take now any n n 1 . Then there exists k 1 such that n k n n k+1 .
Hence by (4.7), p n k Proof: First note that g is a bounded, M 0 -measurable function, hence it may be considered to belong to H 0 . We also may assume that (g) = 0. Then P ?k (g) = g, and it is left to show that 
